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The theory of quantum thermodynamics predicts fundamental bounds on work extraction from
quantum states. As these bounds are derived in a very general and abstract setting, it is unclear how
relevant they are in an experimental context, where control is typically limited. Here we address
this question by showing that optimal work extraction is possible for a realistic engine. The latter
consists of a superconducting circuit, where a LC-resonator is coupled to a Josephson junction. The
oscillator state fuels the engine, providing energy absorbed by Cooper pairs, thus producing work
in the form of an electrical current against an external voltage bias. We show that this machine can
extract the maximal amount of work from all Gaussian and Fock states. Furthermore, we consider
work extraction from a continuously stabilized oscillator state. In both scenarios, coherence between
energy eigenstates is beneficial, increasing the power output of the machine. This is possible because
the phase difference across the Josephson junction provides a phase reference.
I. INTRODUCTION
The desire to convert energy from the disordered form
of heat into the useful form of work was one of the prin-
cipal driving forces in developing the theory of thermo-
dynamics [1]. Recent experimental advancements in con-
trol over nano-scale systems motivated the investigation
of similar processes in the regime where quantum effects
start to play a role, an effort that led to the continuing
development of the theory of quantum thermodynam-
ics [2–6]. A part of this theory which is of particular
practical importance is the study of quantum thermal
machines [5, 7–9]. These are devices which make use
of thermal gradients to perform useful tasks such as the
production of work [9–20], the refrigeration of a quantum
degree of freedom [21–26], the creation of entanglement
[27–29], the determination of low temperatures [30], or
the design of thermal transistors [31] and autonomous
quantum clocks [32, 33].
The most prominent examples of macroscopic thermal
machines are heat engines which convert heat into work
for, e.g., powering cars and airplanes. While the distinc-
tion between heat and work seems to be clear in these
macroscopic engines where heat is produced by combus-
tion and the work produces a directional motion of a
vessel, the situation is much more blurry in the quan-
tum regime. Therefore there is an ongoing debate on
the definition of work in quantum thermodynamics [34–
42]. In spite of these arguments, it seems clear that any
definition of work needs to entail a certain level of useful-
ness and accessibility or measurability. Indeed, already
in classical thermodynamics, heat is defined as the en-
ergy change in the microscopic, inaccessible degrees of
∗ patrick.hofer@teorfys.lu.se
freedom while work is defined as the energy change in
the degrees of freedom that are macroscopic and accessi-
ble. Such macroscopic, accessible degrees of freedom can
be measured in a macroscopic measurement and do not
average to zero over macroscopic time- and length-scales
[43]. In quantum systems, all degrees of freedom are in
principle microscopic and their accessibility or measur-
ability is largely dependent on the experimental setup.
Defining work as the energy change in the accessible de-
grees of freedom thus necessarily leads to a definition
which differs from experiment to experiment.
Even though the above discussion implies that work
should be defined with an experimental setup in mind,
fundamental limits can be obtained. The question of how
much work can be extracted from a quantum state has
received a lot of attention recently [35, 37, 42, 44–57] and
lies at the heart of the resource theory of quantum ther-
modynamics [5, 35, 37, 49, 51, 56, 58–64]. As these works
consider very abstract and general settings (hence assum-
ing essentially full control over the system) it is not clear
that the fundamental bounds are relevant in an experi-
mental setting. In fact, recent works investigated work
extraction with restricted control [65], and showed that
the performance can be strongly affected by the level of
control [66–69]. It remains thus unclear whether funda-
mental bounds can be reached in an experimental setting.
In the present work, we address this question and show
that optimal work extraction is possible in a realistic
model of an engine which extracts energy from quan-
tum states (not to be confused with a heat engine, as
there is no heat flow that fuels the engine). Here, opti-
mal work extraction means that the theoretical maximum
given in Eq. (19) below can be obtained. The engine is
based on a superconducting circuit and it is fueled by a
quantum state localized in an LC-resonator (see Fig. 1).
Work is defined in the usual way for thermoelectric de-
vices [9, 14–16, 19]: The power is defined through the
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2measurable electrical current that flows against an ex-
ternal voltage. Work is then given by the time-integral
of the power which is determined by the charge trans-
ferred through the system. An electrical current against
an external voltage is useful as it can in principle be
used to charge a battery. We find that in this realistic
scenario, fundamental bounds on work extraction can be
reached for a number of quantum states (all Gaussian
states and all Fock states). These results are also ex-
tended to the multi-mode case. We note that the super-
conducting phase difference across a Josephson junction
acts as a phase reference which is necessary to extract
the energy that is stored in the coherence between energy
eigenstates [47–50, 55]. We find that such coherences can
increase the power output of the engine.
In addition to considering single quantum states, we
investigate work extraction from a state that is continu-
ously being stabilized. In this case, the engine becomes
autonomous as no time-dependent control is necessary.
Such a mode of operation can be implemented experi-
mentally with current technology [70–72], opening up the
possibility of near-future experiments on work extraction.
As a concrete example, we consider the situation where
the engine converts the power provided by a laser into
electrical power. Although in this example work is con-
verted into work, we find a trade-off between the amount
of extracted power and the efficiency of the process in
analogy to heat engines.
The rest of this paper is organized as follows: In Sec. II,
we introduce the engine, its working principle and the ap-
proximations made in modeling the proposed experimen-
tal setup. Section III reviews fundamental limits in work
extraction which will be used as a benchmark. The per-
formance of our engine is discussed in detail in Sec. IV.
The paper concludes with an outlook in Sec. V.
II. THE ENGINE
The system we consider as an engine for extracting
work is depicted in Fig. 1 and consists of a supercon-
ducting LC-resonator coupled to a dc-biased Josephson
junction. This system is described by the Hamiltonian
[73] (~ = 1 throughout the paper)
Hˆ ′ = Ωaˆ†aˆ+ 2eV Nˆ + ECNˆ2 − EJ cos
(
θˆ + ϕˆ
)
. (1)
The first term in the Hamiltonian denotes the energy of
the microwave resonator, where aˆ is the photon annihi-
lation operator. The second and third terms denote the
energy of the Cooper pairs, where Nˆ is the number of
excess Cooper pairs on the side of the Josephson junc-
tion with higher chemical potential. The term linear in
Nˆ corresponds to the increase in energy when Cooper
pairs tunnel against the external voltage V . Throughout
the paper, e denotes the electronic charge and e denotes
Euler’s number. The quadratic term corresponds to the
repulsive interaction of Cooper pairs which is determined
FIG. 1. (a) Sketch of the engine. A superconducting circuit
consisting of an LC-resonator that is coupled to a Josephson
junction. The fuel of the engine is provided by the quan-
tum state ρˆ, localized in the resonator. Energy stored in the
quantum state can drive an electrical current (I) against an
external voltage bias (V ), creating work. (b) Illustration of
the work extraction mechanism. Work is created by moving
Cooper pairs across a voltage-biased Josephson junction. The
work is given by the energy increase of the Cooper pairs and
is extracted from the quantum state ρˆ.
by the charging energy EC = 2e
2/C, where C denotes the
capacitance of the junction. We note that any charge off-
set can be absorbed into the external bias voltage. The
last term in the Hamiltonian, the Josephson term, cou-
ples the tunneling Cooper pairs to the photons in the
resonator. The superconducting phase operator θˆ can be
expressed in the charge eigenbasis as [74, 75]
eiθˆ =
∞∑
N=−∞
|N + 1〉〈N |, (2)
illustrating its role in moving Cooper pairs across the
junction. The voltage fluctuations of the microwave
resonators contribute to the phase across the junction
through the operators [75, 76]
ϕˆ = 2λ(aˆ+ aˆ†), (3)
where λ =
√
pie2Z/h (where we reinstated the Planck
constant), here Z denotes the impedance of the mi-
crowave resonator. We note that if ϕˆ can be replaced
by a classical variable ϕ(t), a unitary transformation of
the Hamiltonian (with Uˆ = exp[−iϕ(t)Nˆ ]) removes ϕ(t)
from the Josephson term and results in the usual capaci-
tive coupling 2eNˆ(V +VΩ), where 2eVΩ = ∂tϕ(t) [74, 75].
The goal of the engine is to extract energy stored in the
resonator to drive charge (in the form of Cooper pairs)
against the external voltage bias. We thus call the res-
onator the system which provides the fuel of the engine
and is governed by the Hamiltonian
HˆS = Ωaˆ
†aˆ. (4)
The work that is extracted from the system is transferred
to the Cooper pairs which we denote as the work stor-
age device governed by the second and the third terms
3in Hˆ ′. Here we are interested in the situation where
the superconductors are large, such that the charging en-
ergy becomes vanishingly small. The work storage device
Hamiltonian can then be approximated by
Hˆw = 2eV Nˆ. (5)
This corresponds to an infinite ladder. Such a Hamilto-
nian has been used in multiple theoretical studies to de-
scribe a work storage device [12, 37, 47, 48, 53]. Of course
such an unbounded Hamiltonian is in principle unphys-
ical. However, in experimental situations, the circuit is
connected to external wiring such that the excess charges
can leave the system, preventing a large buildup of charge
and keeping the chemical potential in the superconductor
fixed. For large superconductors, the system is then well
described by Eq. (1) with EC = 0 (formally, this corre-
sponds to superconductors of infinite size) [77]. When
using the system to charge a battery, the excess charges
are collected in a finite amount of space and charging
effects have to be taken into account eventually. As we
consider work extraction in a proof-of-principle manner,
we focus on the regime where we can neglect EC .
We can now define a power operator which gives the
change in energy in the work storage device
Pˆ ′ = −i[Hˆw, Hˆ ′] = Iˆ ′V = −2eV EJ sin
(
θˆ + ϕˆ
)
, (6)
where the current operator is defined in the usual man-
ner as Iˆ ′ = −2ei[Nˆ , Hˆ ′]. Here positive power denotes a
current against the external voltage bias. We note that
only if we neglect EC does the power operator reduce to
the usual definition for electronic systems with a fixed
voltage.
Finally, the interaction between the system and the
work storage device is given by the Josephson Hamilto-
nian
Hˆ ′int = −EJ cos
(
θˆ + ϕˆ
)
. (7)
This is a complicated interaction which does not conserve
energy. However, since we are only interested in low-
frequency (as compared to Ω) observables, we can per-
form a rotating-wave approximation to obtain an energy-
conserving interaction. To this end, we transform the
Hamiltonian into a rotating frame using
Uˆr = e
iaˆ†aˆΩtei2eNˆV t, (8)
resulting in the Hamiltonian
Hˆr =− EJ
2
eiθˆei2eV t exp
[
2iλ
(
aˆ†eiΩt + aˆe−iΩt
)]
+H.c.
(9)
We now expand the displacement operator as
exp
[
2iλ
(
aˆ†eiΩt + aˆe−iΩt
)]
=
∞∑
k=0
ik(aˆ†)kAˆ(k)eikΩt +
∞∑
k=1
ikAˆ(k)aˆke−ikΩt,
(10)
where we introduced the Hermitian operators
Aˆ(k) = (2λ)ke−2λ
2
∞∑
n=0
n!
(n+ k)!
L(k)n (4λ
2)|n〉〈n|, (11)
with the generalized Laguerre polynomials L
(k)
n (x). Set-
ting the external voltage to
2eV = kΩ, (12)
and dropping all the terms in the Hamiltonian which os-
cillate as a function of time, we obtain
Hˆint = −EJ
2
[
ikAˆ(k)aˆkeiθˆ + (−i)k(aˆ†)kAˆ(k)e−iθˆ
]
. (13)
This is a resonant interaction as can be seen from
[Hˆint, HˆS + Hˆw] = 0. (14)
We note that in the rotating frame, Hˆint is the total
Hamiltonian, while in the laboratory frame we have
Hˆl = HˆS + Hˆw + Hˆint, (15)
where the subscript l denotes the laboratory frame and
the terms on the right-hand side are given in Eqs. (4),
(5), and (13).
Since we are only interested in the dc current, we
can use a similar approximation on the current opera-
tor [cf. Eq. (6)] which results in
Iˆ = ieEJ
[
ikAˆ(k)aˆkeiθˆ − (−i)k(aˆ†)kAˆ(k)e−iθˆ
]
. (16)
In both Eqs. (7) and (16), the first term corresponds to
a Cooper pair tunneling against the voltage bias, absorb-
ing k photons from the resonator, and the second term
corresponds to a Cooper pair tunneling with the voltage
bias, emitting k photons. We note that the definition of
the current in Eq. (16) is consistent with the definitions
Iˆ = −2ei[Nˆ , Hˆl] and Pˆ = IˆV = −i[Hˆw, Hˆl].
As a final approximation, we assume that the super-
conducting phase is well-defined, i.e. that the work stor-
age device is in a phase eigenstate (in the rotating frame)
ρˆr = ρˆS ⊗ |θ〉〈θ|, (17)
where the phase eigenstate is defined as
|θ〉 = 1√
2pi
∞∑
N=−∞
e−iNθ|N〉. (18)
In this case, we can replace the operator θˆ with a real
number in Eqs. (13) (in the rotating frame) and in
Eq. (16). The dynamics of the state of the system ρˆS is
then determined by the Hamiltonian HˆS+Hˆint. This ap-
proximation is fully consistent with dropping the charg-
ing energy EC . For large superconductors, the phase and
not the total number of Cooper pairs is a well-defined
4quantity [77]. We note that in this case, the work stor-
age device is in a superposition of all energy eigenstates
[cf. Eq. (18)]. The work can nevertheless be accessed
via the measurable electrical current which determines
the power. Finally, we note that the phase eigenstate
provides a phase reference which is necessary to extract
work from coherences as discussed in Refs. [47–50, 55].
We note that we disregard any cost associated to keep-
ing time [32, 33].
We conclude this section by summarizing the approx-
imations we used: (i) We dropped the charging energy:
EC → 0. This is justified for large superconductors as
long as the charge accumulation does not become too
large. (ii) We used the rotating-wave approximation
which is expected to be valid as long as Ω EJλ and we
are only interested in low-frequency observables. (iii) We
assumed the superconductor to be in a phase eigenstate,
which is consistent with (i). Approximations (i) and (iii)
result in the standard Hamiltonian used for describing
a Josephson junction coupled to a microwave resonator
[given by Ωaˆ†aˆ− EJ cos (2eV t+ ϕˆ)] [75, 76].
III. FUNDAMENTAL LIMITS
In this section, we briefly review previous results on
the fundamental limits of extracting work from quan-
tum states. To obtain such limits, one has to specify
the control that one allows for. Here we are interested
in the bounds obtained in the abstract theory of quan-
tum thermodynamics, assuming full control in the sense
that any unitary on the system can in principle be imple-
mented. In this case, the maximum amount of work that
can be extracted from a quantum state can be defined
as the maximum by which its energy can be lowered us-
ing a unitary transformation. The maximal amount of
extractable work is then given by [44–46]
Wmax(ρˆ) = max
U
Tr{Hˆ(ρˆ− Uˆ ρˆUˆ†)}
= Tr{Hˆρˆ} − Tr{Hˆpˆi},
(19)
where the maximization is over all unitaries. We note
that obtaining this limit in general not only requires the
implementation of any possible unitary but also the con-
version of the extracted energy into some useful form,
justifying the notion of work. In the second line of the
last expression, the state pˆi denotes the passive state cor-
responding to ρˆ, which is the state with lowest energy
that can be obtained from ρˆ through a unitary transfor-
mation [78, 79]. If the eigenvalues of ρˆ are denoted as pi,
ordered in descending magnitude pi+1 ≤ pi, the passive
state reads
pˆi =
∑
i
pi|Ei〉〈Ei|, (20)
where |Ei〉 denote the eigenstates of Hˆ, ordered in in-
creasing energy Ei+1 ≥ Ei. We note that since ρˆ has the
same entropy as the corresponding passive state, Eq. (19)
can also be expressed as the difference of the free energies
of the initial and the final state.
As an immediate consequence of Eq. (19), one finds
that all the energy stored in pure states can in principle
be extracted as work since any pure state can be rotated
into the ground state of the Hamiltonian. This reflects
the assumption of full control: all energy from a pure
state can be extracted in the form of work as the state of
the system is exactly known and all its degrees of freedom
are accessible. While considering a specific experiment
severely restricts the unitary transformations that can be
implemented, we find that the bound in Eq. (19) can be
reached in our system for all Gaussian and Fock states.
We note that just like in the resource theory of quan-
tum thermodynamics [5, 35, 37, 49, 51, 56, 58, 59, 61–
63], our setup is restricted to energy-conserving unitaries
between the system and the work storage device (note
however the absence of a thermal bath). Since the work
storage device remains in a phase eigenstate at all times,
these unitaries act as energy non-conserving unitaries
on the system alone. This makes Eq. (19) the relevant
bound, even though it is not usually considered in the re-
source theory of quantum thermodynamics because the
maximization might include unitaries that can not be
implemented in an energy conserving way with the re-
sources at hand. Under the restriction of energy con-
serving unitaries, work stored in coherences can only be
extracted by making use of an additional source of co-
herence that acts as a phase reference [47–50, 55]. In our
case, this is provided by the work-storage device which
can be approximated as being in a phase eigenstate. Al-
ternatively, one could relax the unitaries to only preserve
energy on average to access the work stored in the coher-
ences [37, 47].
Finally, we note that in the presence of a thermal bath,
work can be extracted from passive states as long as their
free energy is higher than that of the corresponding ther-
mal state. The maximal amount of work that can be
extracted from a state ρˆ is then still given by the free en-
ergy difference of the initial and final state, with the final
state being a thermal state [37, 47]. Making such bene-
ficial use of the thermal bath usually requires a level of
control over the coupling between system and bath that
is not present in the experimental situation considered
here. With the exception of thermal states, work can
also be extracted from passive states when having access
to multiple copies [45, 78, 79] or a catalyst [80].
IV. EXTRACTING WORK FROM QUANTUM
STATES
In this section, we analyze the performance of the pro-
posed engine. We will first consider the case where work
is extracted from a single quantum state. This scenario
allows us to compare the performance of the engine with
respect to the fundamental bound given in Eq. (19). In
5particular, we will see that for natural classes of quan-
tum states (Gaussian states and Fock states), the bound
can be saturated. However, this assumes that the tar-
get state (the fuel) can be prepared in the engine with a
high fidelity and that the engine can be switched on and
off at will. To relax this demanding degree of control,
we investigate a continuous mode of operation, where a
target state is being stabilized within the engine while
work is being extracted. In this case, there is a steady
influx of energy into the engine and the figure of merit
will be the power produced by the engine, not the to-
tal work extracted from a single state. This scenario is
relevant when the engine is used to extract work from
a non-passive state that is continuously being generated
by another machine. The continuous mode of operation
allows us to consider situations that can be implemented
with current-day technology [70–72]. In particular, we
discuss how our engine can be used to convert the power
from a laser into an electrical current that flows against
a voltage bias.
A. Single quantum state
To extract work from a single quantum state, we con-
sider the situation where a state ρˆ0 is prepared in the
resonator at t = 0. We then unitarily time-evolve the
state with the Hamiltonian given in Eq. (13) (with the
phase operator replaced by a real number). Since all the
energy extracted from the state is turned into work, the
work extracted at time t is given by
W = Ω
(〈aˆ†aˆ〉0 − 〈aˆ†aˆ〉t) , (21)
where 〈· · · 〉t = Tr{· · · ρˆt} denotes the average at time t.
We note that we recover for the power
〈Pˆ 〉t = ∂tW = V 〈Iˆ〉t. (22)
We stress that Eq. (21) is only valid if we can neglect any
dissipation to the environment, cf. Sec. IV B.
1. Gaussian states
Any (single-mode) Gaussian state can be written as
[81]
ρˆG = Dˆ(α)Sˆ(ζ)ρˆβSˆ
†(ζ)Dˆ†(α), (23)
where the thermal state is given by
ρˆβ =
e−βΩaˆ
†aˆ
Z , Z = Tr
{
e−βΩaˆ
†aˆ
}
, (24)
and the displacement and squeeze operators read
Dˆ(α) = eαaˆ
†−α∗aˆ, Sˆ(ζ) = e
1
2 [ζ
∗aˆ2−ζ(aˆ†)2]. (25)
These are unitary operators which satisfy Dˆ†(α) =
Dˆ(−α), Sˆ†(ζ) = Sˆ(−ζ) and act on the annihilation op-
erator as
Dˆ†(α)aˆDˆ(α) = aˆ+ α,
Sˆ†(ζ)aˆSˆ(ζ) = aˆ cosh(|ζ|)− eiϕaˆ† sinh(|ζ|),
(26)
where ζ = |ζ| exp(iϕ). The passive state corresponding
to the Gaussian state ρˆG is given by the thermal state ρˆβ .
The maximal amount of work can thus be extracted by
transforming ρˆG into ρˆβ , undoing the displacement and
the squeezing. From Eqs. (19) and (26), we find
Wmax(ρˆG) = Ω|α|2 + Ω sinh2(|ζ|) (2nβ + 1) , (27)
with the thermal population
nβ = Tr{aˆ†aˆρˆβ} = 1
eβΩ − 1 . (28)
As we will now show, our engine can extract the maxi-
mal amount of work from the state given in Eq. (23). To
see this, we consider the limit λ  1 (corresponding to
impedances much smaller than the resistance quantum
h/e2). In this limit, the operators defined in Eq. (11)
become
Aˆ(k)
λ1−−−→ (2λ)
k
k!
, (29)
where we suppressed the identity operator on the right-
hand side. This implies that by setting the voltage to
2eV = kΩ, the engine implements the Hamiltonian
Hˆk = −(2λ)kEJ
2k!
[
ikaˆkeiθ + (−i)k(aˆ†)ke−iθ] . (30)
For k = 1, 2 this Hamiltonian results in the time-
evolution operators
Uˆk(t) = e
−iHˆkt =
{
Dˆ
(
λEJ te
−iθ) for k = 1,
Sˆ
(
2iλ2EJ te
−iθ) for k = 2. (31)
The maximal amount of work can then be extracted from
a Gaussian state by first displacing it to the origin fol-
lowed by undoing the squeezing. For the displacement,
we set 2eV = Ω (i.e., k = 1) and the superconducting
phase difference to θ = pi − arg(α) and evolve the sys-
tem for the time τα = |α|/(λEJ). The time-evolution
operator then reads Dˆ(−α) = Dˆ−1(α) which cancels
the displacement in Eq. (23). To extract the remain-
ing work from the resulting squeezed state, the voltage
is changed to 2eV = 2Ω and the phase difference to
θ = −pi/2−arg(ζ) and the system is evolved for the time
τζ = |ζ|/(2λ2EJ). The corresponding time-evolution op-
erator is given by Sˆ(−ζ) = Sˆ−1(ζ), undoing the squeez-
ing in Eq. (23) resulting in the passive state ρˆβ .
The extraction of work from a coherent state [Eq. (23)
with β → ∞ and ζ = 0] as well as a squeezed vacuum
[Eq. (23) with β →∞ and α = 0] is illustrated in Fig. 2.
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FIG. 2. Extracting work from quantum states. (a) Work extracted as a function of time. For all examples, all the energy
(which is equal to Ω, corresponding to one photon) is extracted after a time τ [which depends on the state, cf. the discussion
below Eq. (31) and Eq. (36)]. For coherent and squeezed states, the energy stored in the off-diagonal density matrix elements
is successfully converted into work. We note that coherence is crucial, as no work can be extracted from the completely
decohered coherent state with one photon on average (the state is passive). We further find that coherence can speed up
the work extraction, i.e., the work grows linearly in time at short times for the coherent and squeezed state whereas it grows
quadratically in time for the Fock state. (b) Current as a function of time. The current is determined by the time derivative
of the work. For states exhibiting coherence, the current is finite at t = 0, underlining the coherence-induced speed-up of work
extraction. The area underneath the curves gives the work divided by the voltage. Note that the voltage for the squeezed state
is chosen as twice the value for the other states.
Since these states are pure, all their energy can be ex-
tracted as work. We stress that the coherences between
energy eigenstates are crucial for the work extraction pro-
cedure. Indeed, for a coherent state with mean energy Ω
(i.e. including a single photon on average), the decohered
state obtained by setting the off-diagonal density matrix
elements to zero is a passive state. The effect of deco-
herence on the work extraction is illustrated in Fig. 3.
There we consider a coherent state which is subject to
decoherence before the engine is switched on. To this
end, we suppress the off-diagonal density elements by a
factor exp(−γ(n−n′)2), where n and n′ are the respective
eigenvalues of the number operator. This corresponds to
time-evolving the state by the Markovian master equa-
tion
∂tρˆ = 2Γnˆρˆnˆ− Γ
{
nˆ2, ρˆ
}
(32)
for a time t = γ/Γ before the engine is switched on
and the time evolution is determined by the Hamilto-
nian alone. In the last expression, nˆ = aˆ†aˆ and {., .}
denotes the anti-commutator.
As illustrated in Fig. 3, decoherence reduces the maxi-
mal amount of work that can be extracted from the state.
Furthermore, the engine is no longer able to extract the
maximal amount of work since displacing the state no
longer results in a passive state, i.e., the unitary which
maximizes Eq. (19) is no longer given by a displacement
operator.
As shown in Eq. (31), any (single-mode) Gaussian uni-
tary can be implemented by the engine. This implies
that, if the engine is restricted to small λ, the amount of
work the engine can extract is given by the energy differ-
ence of the state and the corresponding Gaussian passive
state [66].
2. Fock states
Since Fock states are pure states, all their energy can
in principle be extracted as work by unitarily transform-
ing them into the ground state. However, because their
Wigner functions are rotationally invariant, no energy
can be extracted by applying displacement and squeeze
operators. To extract energy from Fock states, we thus
have to make use of the non-linearity that is provided by
the Josephson junction [cf. Eq. (7)], which allows for im-
plementing non-Gaussian time-evolution operators. To
show that our engine is able to extract all the energy
stored in Fock states, we focus on the state which in-
cludes n photons |n〉. We then set the external voltage
to 2eV = nΩ, such that the Hamiltonian is given by
Eq. (13), with k = n. In this case, the Hamiltonian con-
nects the states
|0〉 ↔ |n〉 ↔ |2n〉 ↔ · · · . (33)
We then set λ to fulfill
4λ2 = xn, L
(n)
n (xn) = 0, (34)
where xn denotes a zero of the generalized Laguerre poly-
nomial. This cuts the second arrow in Eq. (33) and leads
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FIG. 3. Effect of decoherence. The different curves show
the work extracted from a coherent state subject to different
amounts of decoherence. The dotted lines show the corre-
sponding maximal amount of extractable work [cf. Eq. (19)].
Decoherence is taken into account by exponentially suppress-
ing the off-diagonal density matrix elements by exp(−γ(n −
n′)2), where n and n′ are the respective eigenvalues of the
number operator. For increasing γ, the amount of work ex-
tracted is reduced. Furthermore, the maximal amount of ex-
tractable work can no longer be reached. This implies that
not all extractable work can be extracted by displacing the
state. We note that the fully decohered state with mean en-
ergy Ω is a passive state. Values of γ are [0, 0.4, 0.8, 1.2, 1.6, 2]
and increase in the direction of the arrow.
to an effective Hamiltonian describing the relevant sub-
space
Hˆeff = − pi
2τn
eiθin|0〉〈n|+H.c., (35)
where
τn =
pi
EJ
√
n!
(xn)n
exn/2. (36)
The time evolution will lead to Rabi oscillations between
the states |n〉 and |0〉. All the energy in the Fock state
can thus be converted into electrical work by evolving
for a time τn. This is illustrated in Fig. 2. Note that
the phase θ is irrelevant in this case due to the rotational
symmetry of the Wigner function of Fock states.
While the extracted work starts out linearly as a func-
tion of time for the coherent and the squeezed state, it
grows quadratically for the Fock state. This is a con-
sequence of the fact that the Fock state does not ex-
hibit any coherence in the energy eigenbasis. To extract
work from a diagonal state, populations from higher en-
ergies have to be moved to lower energies. Under uni-
tary time-evolution, populations are exchanged by first
turning them into coherences between energy eigenstates
which are then turned into populations again. This re-
sults in the quadratic behavior of the extracted work at
short times. For states that already exhibit coherences
at t = 0, these coherences can directly be turned into
populations resulting in a linear growth of the extracted
work. Coherences thus enable a speed-up of work extrac-
tion at small times. As we will see below, this effect is
also manifest in the continuous operation of the engine,
allowing for increased output powers in the steady state.
We note that by operating the machine in reverse, Fock
states can be prepared from the vacuum and Gaussian
states can be prepared from thermal states.
3. Multi-mode states
In this section, we extend our results to multi-mode
states, where we show that the maximum amount of work
can be extracted from all Gaussian and Fock states. To
this end, we consider multiple resonators that are cou-
pled to the Josephson junction. In this case, the phase ϕˆ
in Eq. (1) has to be replaced by a sum over all resonators∑
j ϕˆj . By tuning the voltage, different terms can be
tuned into resonance just like for a single resonator. Con-
sidering incommensurate frequencies Ωj , local Hamiltoni-
ans of the form (13) can still be implemented by setting
the voltage equal to 2eV = kΩj . Furthermore, in the
low-λ limit, a beam-splitter Hamiltonian between modes
l and j can be implemented by setting the voltage equal
to 2eV = Ωl−Ωj [16]. Similarly, two-mode squeezing can
be obtained by choosing 2eV = Ωl + Ωj [71]. Therefore,
all Gaussian unitaries can be implemented in the multi-
mode case as well. The maximal amount of work can
thus be extracted from all multi-mode Gaussian states.
The multi-mode case is of particular interest since it
was recently shown that a quantum advantage can re-
sult in an enhanced power output in this scenario [82–
85]. To see this, consider work extraction from the state
|n〉⊗M . Using M engines, each coupled to a single res-
onator, the maximal work n
∑
j Ωj can be extracted in
the time τn [cf. Eq. (36)]. By directly coupling the state
|n〉⊗M to the vacuum, one can possibly extract the same
amount of work in a faster time since the state takes
a shorter route through Hilbert space. In our engine,
setting the voltage equal to 2eV = n
∑
j Ωj couples the
states |0〉⊗M ↔ |n〉⊗M ↔ |2n〉⊗M ↔ · · · (for incommen-
surate frequencies). By setting a single parameter λ0
equal to Eq. (34), the transition from |n〉⊗M → |2n〉⊗M
can be suppressed, just like for the single-mode Fock
state. We then obtain the effective Hamiltonian
Hˆeff = − pi
2τn,M
eiθin·M |0〉〈n|⊗M +H.c. (37)
This Hamiltonian extracts the maximal work in the time
τn,M . Minimizing τn,M with respect to all λj 6=0 except
the one that was fixed to obtain the effective Hamiltonian
results in
τn,M = τn
(√
n!
nn
e
n
2
)M−1
> τn, (38)
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FIG. 4. Extracting work from continuously stabilized quantum states. (a) Current as a function of EJ , normalized by its value
at EJ = κ. The values of λ are chosen such that the engine can extract all the energy of a single state (i.e. for coherent and
squeezed states λ = 0.01  1, for Fock state λ = 1/√2). All states have mean energy Ω and we chose the optimal θ for work
extraction (i.e., α = − exp(−iθ) for the coherent state, ζ = −i exp(−iθ) sinh−1(1) for the squeezed state, and n = 1 for the
Fock state). The inset shows the low EJ behavior where states that exhibit coherence show a linear scaling, outperforming the
Fock state which shows a quadratic scaling. The current in the inset is not normalized. In this regime, the numerical solutions
can be perfectly reproduced by the analytical expressions given in (41) – (44). (b) Same as (a) but with λ = 1/
√
2 for all states;
all currents are given in units of 2eκ. To obtain the power, the currents have to be multiplied by V (i.e., Ω for the coherent
state and Fock state, 2Ω for the squeezed state).
where the last inequality holds for M > 1. It is therefore
always beneficial to use a single engine for each resonator.
However, designing multiple engines might be more dif-
ficult than designing a single one. One can therefore ask
if the global Hamiltonian in Eq. (37) results in a speed-
up compared to using a single engine to extract work
from the resonators one after the other. Adressing the
resonators one by one allows for extracting the maxi-
mal work after the time Mτn. One can show that (for
M > 1),
τn,M > Mτn for n+M > 4. (39)
We thus find that for a large number of photons involved,
it is always beneficial to extract the photons one by one,
using only local Hamiltonians. The reason for this is that
as the photon number increases, it becomes increasingly
unlikely that a Cooper pair absorbs all photons at once.
Therefore it becomes beneficial to extract the work in
multiple steps, where a Cooper pair absorbs a smaller
number of photons in each step. We note that the results
for the state |n〉⊗M can straightforwardly be generalized
to arbitrary Fock states.
B. Continuous operation
In this section we analyze the engine in continuous
operation, where a particular quantum state ρˆ0 is stabi-
lized. In this case, the engine becomes autonomous as
no time-dependent external control is needed. For pure
states we will use the notation ρˆ0 = |ψ〉 〈ψ|. In anal-
ogy to the previous section on extracting work from a
particular quantum state, we study the cases where |ψ〉
is a coherent state |α〉, a Fock state |n〉, or a squeezed
state |0, ζ〉. We note that all these states can be stabi-
lized in present-day experiments [86–90]. For each state,
we will focus on the parameters that allow for maximal
work extraction in the scenario discussed in the previous
section.
We will consider two models to describe the engine: a
heuristic reset model, which works for any state ρˆ0, and
a microscopic Lindblad model which describes the stabi-
lization of a coherent state using a coherent drive in the
presence of dissipation. We find good agreement between
the reset model and the Lindblad model, indicating that
the reset model is well suited to obtain a qualitative pic-
ture of the work extraction process. In both cases, the
time-evolution is no longer governed by the Hamiltonian
alone. This opens a dissipative channel for energy, such
that Eq. (21) is no longer valid and energy stored in the
quantum state can irretrievably be lost to the environ-
ment.
1. Reset model
We model all cases with a reset model of the form
[22, 91]
∂tρˆ = −i[Hˆint, ρˆ] + κ (ρˆ0 − ρˆ) (40)
where Hˆint is the respective work extracting Hamilto-
nian and the non-unitary term stabilizes ρˆ0 at a dissipa-
tion rate κ. As before, the Hamiltonian and current are
9given by Eq. (13) and Eq. (16), with θˆ replaced by a real
number.
To obtain analytical results for the case of a coherent
state, we use the λ 1 approximation given in Eq. (29)
and we set 2eV = Ω. The resulting approximate Hamil-
tonian is given in Eq. (30) with k = 1. Within this ap-
proximation, the current can be calculated analytically
from the reset model. In the steady state, we find
Iα = 4eλEJ
(
|α| − λEJ
κ
)
, (41)
where we chose the optimal phase for work extraction,
i.e. θ = pi − arg(α) [cf. Sec. IV A 1].
For the squeezed state, we again make the small-λ ap-
proximation on the Hamiltonian, but we set 2eV = 2Ω
(i.e., k = 2), such that the work extracting Hamiltonian
generates a squeeze operator. We then find the current
Iζ = 2eλ
2EJ
sinh (2|ζ|) + 4λ2 (EJ/κ) cosh (2|ζ|)
1 + 16λ4 (EJ/κ)
2 , (42)
where the optimal phase θ = −pi/2− arg(ζ) is chosen.
For a Fock state with n photons, we use the full, non-
linear Hamiltonian in Eq. (13) with k = n (corresponding
to 2eV = nΩ). There are therefore no restrictions on
λ. However, to make analytical progress, we treat the
unitary term in Eq. (40) as a perturbation and calculate
the current to lowest order in EJ/κ. Using perturbation
theory for Lindblad operators [92] we obtain the current
In = e
E2J
κ
(4λ2)ne−4λ
2
{
1
n!
− n!
(2n)!
[
L(n)n (4λ
2)
]}
. (43)
For the special value of λ given in Eq. (34), the master
equation in Eq. (40) only couples the states |0〉 and |n〉.
In this case, the reset model can be solved analytically
resulting in the current
In =
eκE2J(xn)
ne−xn
κ2n! + E2J(xn)
ne−xn
, (44)
which is valid for all EJ . Note that for small EJ , the cur-
rent of the Fock state scales with E2J , while both coherent
and squeezed state result in a scaling linear in EJ . Anal-
ogously to the last section, the linear scaling arises from
the coherences in the energy eigenbasis which allow the
undisturbed state to carry a current (i.e., Tr{Iˆ ρˆ0} 6= 0).
For small EJ , coherence thus increases the power output
of the engine.
The currents obtained when operating the engine con-
tinuously are illustrated in Fig. 4. The exact numerical
solutions were obtained with QuTiP [93]. Figure 6 in
App. A illustrates the regime of validity of the analytical
expressions obtained in this section.
2. Lindblad model
In this section, we consider the case where an exter-
nal, resonant coherent drive (given, e.g., by a laser with
frequency Ω) drives the state in the resonator towards a
displaced state. The Josephson Hamiltonian is then used
to convert the work produced by the coherent drive into
electrical work. The engine therefore converts one form
of work into another one. This scenario is described by
the master equation (in the rotating frame)
∂tρˆ =− i[Hˆd + Hˆint, ρˆ]
+ 2κ(nβ + 1)D[aˆ]ρˆ+ 2κnβD[aˆ†]ρˆ,
(45)
where the coherent drive is captured by
Hˆd = faˆ
† + f∗aˆ, (46)
and the Josephson Hamiltonian Hˆint is given in Eq. (13).
In addition to the unitary evolution, the resonator is cou-
pled to a thermal bath at inverse temperature β which
leads to the dissipative terms in Eq. (45) where
D[Aˆ]ρˆ = AˆρˆAˆ† − 1
2
{Aˆ†Aˆ, ρˆ}. (47)
Note that the validity of such a dissipation model was re-
cently verified in a similar system [94, 95]. In the absence
of Hˆint, the laser drive together with the dissipation sta-
bilizes the state
ρˆ0 = Dˆ(α)ρˆβDˆ
†(α), (48)
where α = −if/κ. This state reduces to a pure (co-
herent) state for β → ∞. For small Hˆint (i.e., small
λEJ/κ), where the steady state remains close to ρˆ0, we
find quantitative agreement between the predictions of
the Lindblad equation in Eq. (45) and the reset model
in Eq. (40), see Fig. 5. The good agreement for small
λ and EJ/κ shows the adequacy of using the heuristic
reset model to describe physical systems in leading or-
der. For larger EJ/κ the reset model becomes extremely
nonlinear, as all states decay directly to the stabilized
state.
The power that enters the resonator from the coherent
drive reads
Pin = −i〈[Ωaˆ†aˆ, Hˆd]〉 = Ω〈−if aˆ† + if∗aˆ〉. (49)
We note that in the laboratory frame, where the driving
Hamiltonian is time-dependent, this is equivalent to the
standard definition Pin = 〈∂tHˆd(t)〉.
From Eq. (45), we find
∂tΩ〈aˆ†aˆ〉 = Pin − P − J, (50)
where P = 〈Iˆ〉V is the electrical power that is generated,
and the heat current (leaving the system) is defined as
J = 2κΩ
(〈aˆ†aˆ〉 − nβ) . (51)
In the steady state, we find the first law of thermody-
namics Pin = P + J . The power of the coherent drive is
either converted into electrical power or it is dissipated
to the environment.
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FIG. 5. Comparison of the reset model and the Lindblad
model for extracting work from a continuously stabilized co-
herent state. The current I is shown as a function of the
Josephson energy EJ for different values of the coupling pa-
rameter λ. The full lines are solutions of the reset model in
Eq. (40), the dashed lines are solutions of the Lindblad mas-
ter equation given in Eq. (45). The dash-dotted lines are the
analytical low-λ expressions given in Eqs. (41) and (52) which
hold both for the reset model as well as the Lindblad model.
As λ is increased, the low-λ approximation breaks down and
the reset model starts to show deviations from the Lindblad
model. As expected, we find good agreement between the re-
set model and the Lindblad model as long as λEJ/κ is small.
We now consider the limit λ  1, a voltage 2eV = Ω
[i.e., k = 1 in Eq. (13)] and a phase θ = − arg(f)− pi/2,
which is the optimal case for work extraction. We then
find Hˆint = −(λEJ/|f |)Hˆd. While the coherent drive
displaces the state towards |α〉, the Josephson interaction
induces a displacement in the opposite direction, lowering
the energy of the state which results in the generated
electrical power. In this case, the steady state is still a
displaced thermal state and we obtain for the produced
current
I = 4eλ
EJ
κ
(|f | − λEJ) . (52)
Note that this expression is independent of temperature.
Using α = −if/κ, the last equation is equivalent to the
current obtained from the reset model in Eq. (41). We
note that the equivalence between the reset model and
the Lindblad master equation only holds for small λ, as
illustrated in Fig. 5.
We can then ask how efficiently the power is transferred
from the laser to the electronic current. The efficiency of
this process is given by
η =
P
Pin
=
P
P + J
=
λEJ
|f | . (53)
In the steady state, the heat current has to be positive
J ≥ 0 due to the second law of thermodynamics prevent-
ing the production of work using only heat from a single
bath. Whenever P, Pin > 0 (i.e., in the regime where
power from the laser is converted into electrical power),
the efficiency thus fulfills η ≤ 1. Interestingly, this in-
equality can be saturated. However, this happens when
the Hamiltonian of the drive exactly cancels the work
extraction Hamiltonian (i.e., when Hˆd = −Hˆint). The
system then remains in a thermal state at inverse tem-
perature β, resulting in P = Pin = 0. We thus find that
(in the steady state) we can only convert power from the
laser to electrical power with unit efficiency at the point
where the converted power vanishes. When converting
energy at a finite rate, we necessarily have dissipation
(i.e., J > 0). This is reminiscent of heat engines, where
the optimal efficiency (the Carnot efficiency) can only be
obtained at the point of reversibility, where the produced
power goes to zero. It is interesting that such a limita-
tion seems to not only hold for converting heat into work,
but also when extracting work from one physical degree
of freedom and storing it in another degree of freedom.
V. CONCLUSIONS
To realize the full potential of quantum thermal ma-
chines as energy harvesters, it is crucial to understand
the complete process of work extraction, starting from
a non-equilibrium situation and ending with the perfor-
mance of a useful task or with energy being stored in a
controlled way (e.g. in a battery). Here we have con-
sidered the question of how to extract work stored in a
resource quantum state and convert it into a more stable
and controllable form, in this case an electrical current.
To this end, we have described and analyzed an en-
gine that extracts energy from quantum states in the
form of an electrical current against a voltage bias. The
engine consists of a resonator, containing the quantum
state (the fuel of the engine), and a Josephson junction,
which is used to extract work from the state by inelas-
tic Cooper pair tunneling. The phase difference across
the junction acts as a phase reference, allowing the ex-
traction of work from coherences in the energy eigenba-
sis. We have demonstrated that the engine can extract
the maximal amount of work from all Gaussian states
and Fock states. We have further considered the sce-
nario where work is extracted from a target state that is
continuously being stabilized in the resonator. In both
scenarios, we have found that coherence can enhance the
extracted power. Finally, we have considered the case
where the engine is used to convert the power provided
by a laser into electrical power. We have found that this
conversion necessarily leads to losses when it is performed
at a finite rate, in analogy to heat engines which can only
reach their maximal efficiency when the extracted power
vanishes. As our setup is realistic [70–72] and saturates
fundamental bounds, our proposal promises to open up
interesting possibilities for near-future experiments.
Our work further rises some interesting questions that
we leave open for future research. For instance, we only
11
considered a thermal bath to model the dissipation usu-
ally present in experiments. In the resource theory of
quantum thermodynamics, the presence of a thermal
bath can result in better work extraction procedures.
Finding experimental situations where those procedures
can be implemented would further underline the exper-
imental relevance of abstract resource theories and the
role of thermal baths as resources. Another interesting
direction is provided by going beyond the rotating wave
approximation that allows us to consider an energy con-
serving unitary operation. This allows for the investiga-
tion of non-energy conserving interactions, providing the
opportunity to investigate work extraction beyond the re-
source theory of quantum thermodynamics on a concrete
system. Finally, we have only focused on mean values,
leaving the interesting question of fluctuating work open
for future studies. The investigation of fluctuations re-
quires one to take into account the back action of the
measurement on the quantum state. Such a measure-
ment necessarily has to take place at some stage of the
work extraction. A key advantage of devices where work
is provided by an electrical current is provided by the
large body of literature that investigates the measure-
ment of higher moments, finite frequency noise, and even
the full probability distribution (full counting statistics)
of the electrical current (cf. [96] and references therein).
Making practical use of quantum heat engines requires
a better understanding of the intricate interplay between
work production, extraction, and measurement (and pos-
sibly feedback) in concrete physical systems. The present
work constitutes a step in this direction and hopefully
stimulates further activity on this intriguing subject.
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Appendix A: Comparison of numerical and
analytical results
Figure 6 provides a comparison of our analytical ap-
proximations and numerical results for the reset model
discussed in Sec. IV B. We see that agreement is excellent
in the regimes where the approximations are expected to
hold.
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